We prove that the zero divisor problem is equivalent to some problem about subgroups of a free group.
Introduction.
Let G be an arbitrary torsion free group. The problem of whether the group ring KG contains zero divisor is open, although positive solution has been obtained for some important special classes of groups, in particular, for polycyclic-by-finite-groups (Farkas and Snider [1] , Cliff [2] ) and for one-relator groups (J. Lewin and T. Lewin [3] ). In this note we show that in the cases when K is the ring of integers Z or the field Zp of residue classes modulo p the zero divisor problem for KG is equivalent to a problem about subgroups of a free group.
Let G = F/N be a presentation of G as a quotient group of a free group F; as usual ik(N) (k -1,2,...) denotes the fcth term of the lower central series of N. If 1 ^ x G N then there exists a maximal number k such that x G ~ik(N); we can say too that x G ik(N)\ik+i{N).
THEOREM l. The ring ZG contains no zero divisors if for every system of elements i,/i,/2,-•• ,/n S F, where x G /7fc(iV)\7fc+i(./V) and is not a power in 7fc(7V) (and hence not in N) and fi (i = 1,2,..., n) are taken from different cosets of G/N, the subgroup N\, generated by the elements (1) s»=/fVi (¿ = l,2,...,n) satisfies the condition
The inverse assertion is true without the restriction that x is not a power in 1k(N)\lk+i(N). When the element x in Theorem 1 does not belong to TV7, i.e., k = 1, we immediately obtain the following corollary. (3) iVinAr' = wí, for all choices of x, f\, /2,..., fn o,s described.
It is worth remarking that our group theoretical equivalent of the zero divisor problem is obtained for group rings over Z or Zp; the connection between the zero divisor problem over Z or Zp and over an arbitrary field K is unknown.
2. Let F be a free group, N < F and G -F/N. It is easy to see that the free abelian group N/N' becomes a ZG-module via the conjugation in F; this is, the socalled relation module which has been studied intensively during the recent years. We refer the reader to K. Gruenberg's lecture notes [4] for the detailed definition and properties of these modules.
For k > 1 the factors ik(N)/ik+i(N) become ZG-modules in the same way. We need the following property of these higher relation modules:
can be embedded in a free module.
PROOF. The result is known and is proven even for a more general type of module: the higher relative relation module (see [5] ). We give, therefore, only the outline of the proof. Since M ^ 0 at least one of these left ideals B¿ is not zero and we conclude easily via the assumption that R is prime that (7) is impossible, i.e., y M ^ 0 and the assertion follows.
3. Proofs of Theorem 1 and Proposition 1. Since G is torsion free, ZG must be prime (see [6] ). Lemma 2 implies that ZG contains zero divisors iff there exist nonzero (*) The elements f~1xfl (i = 1,2,..., n) of~/k(N) are linearly dependent modulo 7fc+i(iV).
We now prove Proposition 1. Since ZG is a domain the condition (*) implies that the elements /~ xfi (i = 1,2,...,n), which generate N\, are linearly independent modulo JVi (lqk+i(N) and hence are linearly independent modulo N[. We therefore conclude that these elements freely generate iVi. It is easy to see now that their linear independence modulo Ni n ^k+i(N) 2 N[ implies (2) and the proof of Proposition 1 is completed.
We prove now Theorem 1. If ZG contains zero divisors then (*) holds for some x G ')k(N). Furthermore, we can assume that x is not a power in ^k(N). Indeed, this is obvious if x is not a power in the free abelian group M -')k(N)/"ik+i(N); but if there exists y G M such that x = ny then we can replace x by y in (8) and then replace x by y in (*).
We now observe that the quotient group F/^k(N) is torsion free: when k = 1 it coincides with the torsion free group G; when k > 1 this fact follows for instance from [7] . We can therefore conclude that x is not a power in F. Now let T be the normal subgroup of F, generated by the element x. Clearly, T Ç JV; hence the elements /¿ (i -1,2,..., n) belong to different cosets of G/T. The quotient group G/T is a torsion-free one-relator group and we obtain from Lyndon's Identity Theorem (see [8] ) that the elements (1) are linearly independent in T/T'. But the subgroup N%, generated by these elements, belongs to T; this implies easily that the elements (1) 
